We present surrender rate models with explanatory variables such as the difference between reference rates and crediting rates, policy age since issue, unemployment rates, and economy growth rates, using a logit model. We calculate the values of the surrender options in Korean interest-indexed annuities. It is interesting to note that the values of the surrender options subject to a surrender charge show negative values despite the fact that the surrender options are the right given to policyholders. We then attempt to find the fair surrender charges for the insurance company and its policyholders.
I. INTRODUCTION
Surrender rates are one of the important factors of the interest rate sensitive cash flow movements. Kim (2005b) shows that surrender rate fluctuations affect the cash flows of the interest indexed annuities and investigates the surrender rate impacts on the value, the duration, and the convexity of the interest-indexed annuities. Kuo et al. (2003) use the cointegration approach to reexamine the contending lapse rate hypotheses: the emergency fund hypothesis and the interest rate hypothesis. The emergency hypothesis assumes that policyholders surrender their policies and use the cash values as emergency funds when they face personal financial distress. The interest rate hypothesis conjectures that the surrender rates depend on the level of the market interest rates. In this paper we use a surrender rate model using a mixture of the two hypotheses.
Interest-indexed annuity (IIA) is one of the popular single premium deferred annuity (SPDA) products sold in Korea. The Korean version of IIA has two distinctive features, namely the surrender option and the annuitization option. The surrender options are American type put options, characteristics of which we investigate in this paper. We also calculate the values of surrender options in Korean interest-indexed annuities. A few studies calculate the values in other markets. For example, Carriere (1996) calculates the early-exercise price for options using simulations and nonparametric regression. Albizzati and Geman (1994) calculate the value of the surrender option in life insurance policies by deriving a closed-form solution to the case of single-premium policies. They use both the closed-form expression and Monte Carlo simulations to price surrender options in the case of French contracts. Bacinello (2003) calculates the price of guaranteed life insurance participating policies, sold in the Italian market, which includes a surrender option.
Our approach differs from the previous methods in that we build the surrender rate model with a few explanatory economic variables, such as the difference between reference rates and crediting rates, policy age since issue, unemployment rates, and economy growth rates. We use a logit model for this because it enables us to use multiple explanatory variables for the surrender rates. This logit model can also be a useful tool for practical purposes. For instance, Kim (2005a) shows that this and the complementary log-log models are generally better than the existing surrender rate models (e.g., arctangent models).
The paper also shows that the surrender rate models should be different according to the types of insurance policies. For an analysis of annuity lapse rates in the US, Cox and Lin (2006) employ another Tobit model approach with the explanatory variables such as interest rates, unemployment rates, and GDP growth rates. They suggest that a count model may be appropriate if detailed lapse data were available. We calculate the values of the surrender options using two interest rate models, the Black Derman, and Toy (1990) model and the Ho and Lee (1986) model to check if the values are independent of interest rate models.
The surrender option is a right given to the policyholders and we may expect that the value of the surrender options be positive. Interestingly, we find in this study that the values are negative, implying that the negative surrender option values would benefit insurance companies when their policyholders exercise the right. We suspect that the market would observe negative surrender option values if policyholders poorly understand the contract provision or when they are forced to exercise the right in a sub-optimal way, e.g., when they experience financial difficulty. Besides, negative surrender option value can result from high surrender charges. From consumer protection viewpoint, it is important to find fair surrender charges in the life insurance market.
II. THE STRUCTURE OF KOREAN INTEREST INDEXED ANNUITIES
In the Korean annuity market, many insurers sell single premium deferred annuities (SPDAs) along with other products. SPDAs are primarily for wealth accumulation and require a relatively large premium payment at policy inception.
1 Hence, only a few policyholders purchase SPDA for the purpose of annuitization. Interest indexed annuity (IIA), whose account values depend on the interest rates, is one of the popular SPDAs sold in Korea. A distinctive feature of the interest indexed annuity in Korea is that the policy has both the surrender options and annuitization options. In other words, the holders of IAA may surrender the policy, at any time before annuitization and subject to a surrender charge, when the new market rates move to their advantage. If they hold the policy until the date of annuitization, they can select one of the four benefit receipt choices: lump sum of their account value, whole life annuity, fixed term annuity and inheritance annuity. In the remaining part of this section, we address issues related to this basic annual guaranteed crediting interest product. Almost all IIA contracts in Korea guarantee a minimum renewal crediting interest rate. The minimum guaranteed interest rate is 3% in most policies in today's market but was higher during the eras of high inflation. A typical annuity insurance company announces its crediting interest rates calculated based mainly on the market rates, investment income gain rates, and expected future investment income gain rates. Many contracts credit the full premium to the individual policy account but assess a charge when the policyholder surrenders it. The surrender charges tend to range from 7% to 10% of the account value and gradually decrease to zero during the first 6-10 years since policy inception. Depending on the insurer, the policyholder can take out the entire account value less applicable surrender charges or part of it (e.g., up to 90%) with the charges. Policyholders are commonly given the right to invest their account values to high yield markets when the value differential between the market rate and the policy crediting rate is greater than the applicable surrender charges. On expecting a better return from the annuity market, the policyholders may reinvest their monies back to the insurance market.
When a policyholder partially surrenders his/her policy, keeping the policy in force, the policyholder will be subject to an interest charge, which is commonly the crediting rate plus 1.5%. A policyholder may make multiple partial surrenders so long as the sum of all surrenders is less than the stipulated percentage (e.g., 90%) in the policy. Hence, problems of adverse selection exist in the Korean annuity market.
Moreover the death benefit is guaranteed during the partial withdrawal period. Usually the death benefit is the account value. A few variations exist, for example, the account value plus 10% of initial single premium, and another 10% of initial single premium in the case of accidental death. Some contracts allow the surviving spouse to take over ownership of the contract, provided that he/she was the beneficiary at the time of death of the policyholder.
The policyholder can choose the initial annuitization date and may revise it later. Annuitization dates often begin after 10 years from policy issuance and have a range of age 45 to 70 of the annuitant.
Guaranteed annuitization rates are often conservative. The crediting rates reflect the current market rates and portfolio income gain rates. But the guaranteed annuitization rates may be based on the minimum guaranteed rate (say, 3%) plus very conservative bonus. The annuity options available in Korea are in line with those available in other countries and can be classified broadly as follows: (a) lump sum withdrawal of the account value at the date of annuitization; (b) installment payments certain for a period ranging from 5 to 20 years; (c) life income with a guaranteed period of 10 years; and (d) inheritance annuity, which pays the annuitant only the interest income and his/her beneficiary the account value on the death of the annuitant. At the time of annuitization, the policyholder can choose the type of annuity considering the health condition of the annuitant and the interest rate level, suggesting possible presence of additional mortality and interest rate risks to the insurers offering with these annuity options.
III. MODELING SURRENDER RATES FOR KOREAN INTEREST INDEXED ANNUITIES
As discussed in Kim (2005a) , the surrender option is not a function of interest rate only. It depends on the policy age since the contract was issued. It also reflects the unemployment rate and the economy growth rate. For old examples of lapse studies, we may refer Richardson and Hartwell (1951) , Buck (1960), and Brzezinski (1975) . We want to model the policyholder surrender behavior statistically. The variables considered are (a) the difference between reference new money rates and product crediting rates with surrender charges, (b) the policy age since the contract was issued, (c) unemployment rates, (d) economy growth rates, and (e) seasonal effects. We use a cascade method to generate the variables rather than a full multivariate analysis. The explanatory variables are based on the methods of time-series analysis. and scenario, respectively. For the details on the simulation methods of the basic rates, see Kim (2005b) . In this paper we use the simulation results from Kim (2005b) . Short Rates. We calculate the set { P (0,t)} of zero coupon bonds using an interest rate model under a given term structure. P (0,t) is the time 0 value of a zero coupon bond paying 1 at maturity t. The set of short rates { i (t,k)}, for t = 0,1,… and for k=0,1,2,…, t for each t, should satisfy the following equation:
where ) , 0 ( t P is the time 0 price of a zero coupon bond paying 1 at maturity t from the market.
We use the Black-Derman-Toy (BDT) model and the Ho-Lee (HL) model to generate short rates. In valuing the surrender option prices in interest rate indexed annuities (IIA) with 10 year of option maturity, we have 120 2 paths, which is computationally infeasible. Hence, we pick a subset of all interest rate paths with a computationally reasonable number, K, of sample paths. 4 We denote the set of all interest rate paths as : and the number of 
where k = 1,2, ……, K, t = 0,1, ……, T-1, and s =0,1, ……, t.
For simplicity, let us denote (t, k Z ) to be the node at time t on path k
on the binomial lattice. We show an example in Figure 1 in which the horizontal axis is time axis and the vertical axis is state axis. We consider a path k Z indicated by the solid line.
Since the state is 3 at time t=5 on the path k New Money Rates. We employ the maximum of the 3-year yield rates (under the increasing term structure) and the short rates (under the decreasing term structure) as the reference new money rates.
We use these reference rates to calculate the surrender value of the contracts using the assumption that the surrendered cash value is invested with the reference new money rates. 5 At node (t,k), to calculate the 3-year yield rates, Y(t,k,t+3 year), for the next 10 years, we can use interest rate models, such as the Black-Derman-Toy (BDT) or the Ho-Lee (HL) model, with the following formula:
where P (t,k,u) is the price at node (t,k) of the zero-coupon bond maturing at time u>t, and A (t,k,u,j) is the Arrow-Debreu price.
The formula for new money rates, m
for given short rates, { i (t, k Z ), t =0,1,2,……,T, and k=1,2,……,K} in the future. 5 As one of examples, we choose 3-year rates for the reference new money rates since 3-year rates have high correlations with the surrender rates. We may choose other reference rates such as 5 or 10-year rates etc. A few methods of selecting the explanatory variables can be found in Kim (2005a) . We denote ) (t i m to be reference rates, reference market rates, and new money rates at time t with the same meaning.
Economy Growth Rates. Using past data on economy growth rates { EG i (t)} and past reference rates { m i (t)} of IIA, we find a function EG h such that:
where EG e is an error term. Considering that there are patterns on economy circulations with periods of 30 months we derive the formula for the economy growth rates:
where:
with 1 I =-0.733740, 2 I = 0.335031 and t H follows the normal distribution, N(0, 0.0000842).
We use this function to simulate future economy growth rates:
for the given new money rate m i (t, k Z ). The term EG e is added as a simulated disturbance term.
Unemployment Rates. Using past data on unemployment rates { UE i (t)} we find that the unemployment rates are given by the following formula: 0.11840 -4.11360 EG i (t) -0.11440 DV 3 -0.20997 DV 4 -0.16229 DV 5 -0.12605 DV 6 -0.07518 DV 7 -0.10894 DV 8 -0.15145 DV 9 -0.09962
where EG i (t) is the economy growth rate at time t, DV j is 1 at month j and 0 otherwise, and Announced Rates. For the announce rate, a i (t), of an issuing company we derive a function a h such that:
where a e is an error term. The formula for the announced rates is: 
where t H follows the normal distribution, N(0, 0.00001746).
We use this function to simulate future announced rates:
for the given reference rate m i (t, k Z ).
Crediting Rates of IIA. We take the crediting rate, c i (t, k Z ), as the maximum between the announced rates and the guaranteed interest rate:
where a i (t, k Z ) is the announced rate, and g i is a given guaranteed annual interest rate:
In practice, considering the surrender behaviors of policyholders, the crediting rate
at time u on path j Z is dependent on the latest surrender time before time u:
where: 
where u H follows the normal distribution, N(0, 0.00001746). In this paper we use 20/80 probability of repeated surrender. The probability may change according to the company's experience/expectation.
Surrender Charges. The surrender charges during the year t, ) (t Sc , are assumed as follows: 6 ) (t Sc = 7%, 0d t < 1, ) (t Sc = 6%, 1d t < 2, ) (t Sc = 5%, 2d t < 3, ) (t Sc = 4%, 3d t < 4, ) (t Sc = 3%, 4d t < 5, ) (t Sc = 2%, 5d t < 6, ) (t Sc = 1%, 6d t < 7, ) (t Sc = 0%, 7d t < 10.
Surrender Rates. The probability of surrender can be affected by, among others, the difference between new money rates and crediting rates, economy growth rates, unemployment rates, and seasonal effects. 7 For the seasonal effects, we consider:
where the 1st month is January, the 2nd month is February, the 3rd month is March, and so on. So DV 1 = 1 on January, DV 2 = 1 on February, and so on. The probability of surrender between time t and t+1 and on path k
where t-j denotes the time lag for j=0,1,…,12, and DV t is the seasonal effect dummyvariable.
We use a logit model for surrender rate modeling such that:
6 For long term contracts (e.g., 10 years) in the Korean market, the surrender charges commonly begin at 7% for the first year and decrease by 1% each year for the next 7 years. Other surrender charge scenarios are also observed in the market. For long term contracts, for example, Korean insurers use a 7-year amortization schedule of surrender charges to recover their initial expenses. For shorter term contracts, they may use a 3 or 5-year amortization schedule for surrender charges. 7 Cox et al. (1992) examine the persistency of SPDAs using the following variables: product characteristics, product distribution methods, credited interest rates, and age of the annuitant. Even though they do not include other variables -such as federal tax penalty for early withdrawals, changes in family income or wealth, health of the annuitant, divorce, marriage, and employment status -they suggest that these variables may also be related to differences in withdrawal activities. 
The parameter estimates are shown in Table 1 where In E is the parameter for the intercept.
The parameter UE E for the unemployment rates is found to be very large at 50.6348, meaning that surrender rates change significantly to unemployment rate movements. Considering the fact that the changes of unemployment rate are usually smaller than those of the market rates (new money rates), the large UE E parameter value seems reasonable. It seems also reasonable that the parameter EG E for the economy growth rates is negative at -5.3360, implying that policyholders are less likely to surrender their IIA policies when the country is in good economic condition.
Our final model for the IIA surrender rates, { ) , ( k s t q Z , t=0,1, 2,…, T and k=1,2,…,K}, is given by the following formula: 
We show changes in the real and predicted (using a logit model) surrender rates of IIA policies in Figure 2 . We calculate root mean squared error (RMSE) and mean absolute percentage error (MAPE) as measures of fit of the model:
where, i y is the i-th real value, i ŷ is the i-th predicted value, and n is the sample size. The time axis in Figure 2 shows the observation period from January of 1998 to June of 2002. From Figure 2 we notice some over-and underestimation of the surrender rates under this model, indicating presence of a modeling error.
IV. VALUING SURRENDER OPTIONS IN INTEREST INDEXED ANNUITIES
As discussed above, there are several implicit interest rate options in interest indexed annuities (IIA). There are also several variations in death benefit calculation. Of the two, the risk related to policy surrender options would be greater to the insurance company. A rise in the number of policies surrendered during the early years of the contract lowers the chance that the insurer recovers underwriting and policy acquisition costs. Also such a rise can cause a duration mismatch of asset and liability cash flows.
In this section, we examine the value of IIA surrender options using the assumptions on the basic rates described in section III. As alluded to above, policyholder surrender behaviors depend not only on the difference between the reference market rates (new money rates) and crediting rates but also on the age of insurance policy. The unemployment rates, surrender charges, seasonal effects, and economic growth rates can also affect the behaviors.
At time t and on path k Z , the probability of surrender, ) , ( k s t q Z , is given by Equations (21) and (22). We consider the same IIA contract for a representative male client of age 40 with initial single premium of Ac as the one in the previous section. We have already defined the account values for a path k Z , { AV (t, k Z )} such that the account value at time 0 and on
, is the initial single premium:
The account value at time t and on path k Z is then given by:
where c i (t-1, k Z ) is the crediting rate at time t-1 and on path k Z .
At time t and on path k Z , the policyholder has the account value of AV (t, k Z ). And he/she also has an option to surrender the policy at time t. If he/she thinks it would be advantageous to surrender IIA policy and invest it with a high yielding new money rate, he/she will surrender the contract at time t, all other things being constant We can describe a mathematical structure for the multi-period model of a finite set of sample paths, : = { 1 Z , 2 Z ,…, K Z }, as follows. Let us assume that each k Z : has a positive probability of occurrence and that a finite sequence of partitions, { 0 P , 1 P ,…, t P ,…, 
We show an example in Figure 4 . Suppose T=3. Then we have | : | = 3 2 . We assume a set of sample paths, : = { 1 Z , 2 Z , ……, 7 Z }, with K=7. From Figure 4 , we have:
We may have a particular choice of representative sets, 
Z }; and
As described earlier in the paper, the holder of IIA policies has an option to surrender his/her policy at any time on any path. If the holder partially surrenders the policy (i.e. withdraws some part of the account values), then he/she can decide to surrender again or keep his/her policy after one period. Figure 5 illustrates the decision process of the policyholder.
We use reference rates (new money rates) to calculate IIA policy surrender values based on the assumption that the surrender cash value has been accumulated by the reference rates (new money rates) on a path. And we use crediting rates to calculate the accumulated value when the policyholder keeps the policy in force. Note that the crediting rates are a function of the current reference rate and the reference rate at the time of the most recent surrender exercise time. If there is no policy surrender in the past, then the crediting rate is a function of the current reference rate and the reference rate at policy inception. The crediting rate is greater than or equals the minimum guaranteed rate.
If a policyholder surrenders an IIA contract (issued at time 0) at time t and on path k Z , the policyholder can be subject to a surrender charges at time t.
10

AV (t, k
After time t on path j
, the policyholder may decide to surrender or maintain the policy until the end of that option period. We denote C(t, k Z ,T, j Z ) to be the set of surrender behaviors of the policyholder from time t to time T-1 -given a surrender at time t -on a path
where each
is a surrender behavior of the policyholder.
Here we assume that the policyholders always reinvest.
We show an example of the set C(T-3, k Z ,T, j Z ) of surrender behaviors given surrender at T-3:
with each surrender behavior is as follows:
where Ȱ denotes policy surrender and N keeping the policy.
If the policyholder invests the surrendered amount of money, AV (t, k Z )(1-Sc (t)), until the option maturity T under the surrender behavior
, then the accumulated value from 10 In this discrete time model we assume that a policyholder can surrender only once per period.
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. 11 This value depends in part on the policyholder surrender behaviors such as the number of surrenders and surrender times. For example, if we assume that the surrendered cash value is invested with new money rates for two consecutive periods only, (Ǥ, Ǥ, N , N , N ,… N ) , then we have: 
and c i (u, j Z , * u ) is the crediting rate at time u, on path j
We assume that there is no surrender charge at time T.
At time T, the average of the accumulated value from the surrender, SV (t, k
such that:
where the summation is taken for all of the surrender behaviors
and Pr(
) is a risk neutral probability of the surrender behavior
12
At current time t, the value from surrender, SV (t, k Z ), is the expected discounted value of {
SV (t, k
11 Here we assume that the surrendered cash values are accumulated by the reference new money rates on a given set of paths of new money rates under the simulation based valuation method. We also assume that the policyholders always reinvest, although, in reality, they may terminate their contracts with lump-sum withdrawals before time T. 12 Note that we use a risk neutral probability of the surrender behavior. See Møller (2001) for another example.
where Pr( Z ) is a risk neutral probability. 
} such that:
At current time t, the keeping value, KV (t, k
where ) , ( k t p Z is the survival probability at time t on path k Z .
Note that, at the annuitization time T, the policyholder has the option to surrender IIA policy (i.e., take out a lump sum payment) or purchase an annuity. Although we do not yet have enough experience data on the use of the annuity option at time T in this relatively new market in Korea, we may reasonably assume that the presence of annuity option is another 13 Note that the crediting rates for the value from surrender and for the keeping value may be different at time u > t, since they are dependent on past new money rates applied. source of risk in the market. That said, let us just consider the surrender cases before the annuitization time T and assume that the terminal exercise values are given by:
( 4 0 ) Now we calculate the value of surrender option (VSO) for the total exercise values at time 0 as follows:
where K denotes the number of paths at time 0.
We present the VSO in Table 2. 14 Case 1 in the table is for surrender charges Sc(0) = 7% and decreased by 1% each year until 0%. Case 2 is for surrender charges Sc(t) = 0% for all time t. The initial single premium is 10,000. We notice that surrender charges indeed affect the values of the surrender option of IIA. We calculate the values using two interest rate models -the Black-Derman-Toy (BDT) model and the Ho-Lee (HL) model -and find that the values under the BDT model differ from those under the HL model. So the insurance company may need to double check whether the choice of an interest rate model would result in a considerable difference in the valuation.
It is also interesting to note that the values of the surrender option with surrender charges are negative. It may not be really surprising for someone to notice that some insurance companies get positive gains from surrender. If the policyholders can use the surrender options for their profits (i.e. rationally or even optimally) then the value of surrender options can be positive and insurance companies may not have positive gains from surrender. We may consider, for future research topic, the irrational surrender behaviors of the policyholders probably caused by other economy conditions such as low economy growth rates, high unemployment rates, etc and the rational and optimal surrender behaviors. 15 14 The numbers in the brackets are standard deviations. 15 For mortgage-backed securities, Green and LaCour-Little (1999) show that borrower prepayment behavior appears to be highly irrational sometimes, in the sense that many borrowers prepay their mortgages when it is not optimal to do so and fail to prepay their mortgages when the prepayment option is substantially advantageous. Richard (1991) mentions several reasons why people do not prepay when the pay off is positive. One reason is that the borrower has lost his job. Another reason is that the value of the house is lower than the mortgage value. There is also a group of people who are not rational and hold high-premium loans without prepaying them. We may investigate the rational surrender behaviors; that is, the policyholders surrender their contracts only when the exercise values We now include a sensitivity analysis to examine the impact/sensitivity on the value of the surrender option. We investigate the surrender rate impacts on the VSO under the assumption that the surrender rates change as the explanatory variable changes by:
where n is the number of observations and V is the standard deviation of each corresponding explanatory rate. For example, the values of surrender option can be calculated under the change of the unemployment rates by n V up and denoted by UE+, by n V down and denoted by UE, and we compare the changes in the option values with the original value denoted by Basic. By the same way, we calculate the values of the surrender option according to changes in the economy growth rates as well as the difference between reference rates and crediting rates. We show the values of the surrender option in Table 3 , where the initial single premium is 10,000, for which we use the Black-Derman-Toy (BDT), and the Ho-Lee (HL) interest rate models. Since we have already considered the sensitivity in the option value with respect to the changes of the surrender charges, we can simply assume that the surrender charge is 0%.
If the unemployment rates go up (UE+) then surrender rates also go up, thereby resulting in an increase of cash outflows for surrender benefits. The table shows that changes in economy growth rates have little impact on the surrender rates fluctuations and the value changes are very small. If the difference between the reference rates and crediting rates goes up (INT+), then surrender rates also go up, thus resulting in an increase of cash outflows for surrender benefits.
V. FAIR SURRENDER CHARGES
As discussed above, the values of the surrender option with surrender charges are negative. The negative surrender option values are likely a result of early policy surrenders in an economy with a rising unemployment rate as well as by the high surrender charges for early exercise of the policy option. Although we cannot fully hedge the surrender risk due to are positive. For rational prepayment of mortgage-backed securities, see Stanton (1995) and McConnell and Singh (1994) . For an illustration purpose, we calculate policy surrender values using the three surrender charge scenarios:
x Case 1: Initially at 6% and to decrease by 1% each year for the next 6 years; x Case 2: Initially at 5% and to decrease by 1% each year for the next 5 years; and x Case 3: 2% annually for year 1 through 3 and then 1% for years 4 and 5.
x The results are summarized in Table 4 .
VI. CONCLUSIONS
This paper has examined policyholder behaviors as well as market and economic conditions affecting the values of single premium deferred annuities (SPDA), especially interestindexed annuities (IIA) in the Korean market. For the statistical analysis, we build models using a logit approach. We use a cascade method to generate the variables rather than use a full multivariate analysis.
We use the Black-Derman-Toy model and the Ho-Lee model to generate short rates. We find that the values of the surrender option of IIA may depend on the choice of interest rate models. We also find that the surrender charges affect the values of IIA surrender options. We also find that the values of the surrender option with surrender charges are negative. 
